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ON EQUIVARIANT HOMEOMORPHISMS OF
BOUNDARIES OF CAT(0) GROUPS
AND COXETER GROUPS
TETSUYA HOSAKA
Abstract. In this paper, we investigate an equivariant homeomor-
phism of the boundaries ∂X and ∂Y of two proper CAT(0) spaces X
and Y on which a CAT(0) group G acts geometrically. We provide a suf-
ficient condition and an equivalent condition to obtain a G-equivariant
homeomorphism of the boundaries ∂X and ∂Y as a continuous extension
of the quasi-isometry φ : Gx0 → Gy0 defined by φ(gx0) = gy0, where
x0 ∈ X and y0 ∈ Y . In this paper, we say that a CAT(0) group G is
equivariant (boundary) rigid, if G determines its ideal boundary by the
equivariant homeomorphisms as above. As an application, we introduce
some examples of (non-)equivariant rigid CAT(0) groups and we show
that if Coxeter groups W1 and W2 are equivariant rigid as reflection
groups, then so isW1 ∗W2. We also provide a conjecture on non-rigidity
of boundaries of some CAT(0) groups.
1. Introduction
In this paper, we investigate an equivariant homeomorphism of the bound-
aries of two proper CAT(0) spaces on which a CAT(0) group acts geomet-
rically as a continuous extension of a quasi-isometry of the two CAT(0)
spaces.
Definitions and details of CAT(0) spaces and their boundaries are found
in [8] and [23]. A geometric action on a CAT(0) space is an action by
isometries which is proper ([8, p.131]) and cocompact. We note that every
CAT(0) space on which some group acts geometrically is a proper space ([8,
p.132]). A group G is called a CAT(0) group, if G acts geometrically on
some CAT(0) space X.
It is well-known that if a Gromov hyperbolic group G acts geometrically
on a negatively curved space X, then the natural map G → X (g 7→ gx0)
extends continuously to an equivariant homeomorphism of the boundaries
of G and X. Also if a Gromov hyperbolic group G acts geometrically
on negatively curved spaces X and Y , then the boundaries of X and Y
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are G-equivariant homeomorphic. Indeed the natural map Gx0 → Gy0
(gx0 7→ gy0) extends continuously to a G-equivariant homeomorphism of
the boundaries of X and Y . The boundaries of Gromov hyperbolic groups
are quasi-isometric invariant (cf. [8], [12], [23], [24], [25]).
Here in [25], Gromov asked whether the boundaries of two CAT(0) spaces
X and Y are G-equivariant homeomorphic whenever a CAT(0) group G
acts geometrically on the two CAT(0) spaces X and Y . In [7], P. L. Bowers
and K. Ruane have constructed an example that the natural quasi-isometry
Gx0 → Gy0 (gx0 7→ gy0) does not extend continuously to any map between
the boundaries ∂X and ∂Y of X and Y . Also S. Yamagata [52] has con-
structed a similar example using a right-angled Coxeter group and its Davis
complex. Moreover, there is a research by C. Croke and B. Kleiner [14] on
an equivariant homeomorphism of the boundaries ∂X and ∂Y .
Also, C. Croke and B. Kleiner [13] have constructed a CAT(0) group G
which acts geometrically on two CAT(0) spaces X and Y whose boundaries
are not homeomorphic, and J. Wilson [51] has proved that this CAT(0)
group has uncountably many boundaries. Recently, C. Mooney [43] has
showed that the knot group G of any connected sum of two non-trivial torus
knots has uncountably many CAT(0) boundaries.
Also, it has been observed by M. Bestvina [5] that all the boundaries of
a given CAT(0) group are shape equivalent and R. Geoghegan and P. On-
taneda have proved this in [22]. Bestvina has asked the question whether
all the boundaries of a given CAT(0) group are cell-like equivalent. This
question is an open problem and there are some resent research (cf. [44]).
The purpose of this paper is to provide a sufficient condition and an
equivalent condition to obtain a G-equivariant homeomorphism between the
two boundaries ∂X and ∂Y of two CAT(0) spaces X and Y on which a
CAT(0) group G acts geometrically as a continuous extension of the natural
quasi-isometry Gx0 → Gy0 (gx0 7→ gy0), where x0 ∈ X and y0 ∈ Y .
Now we recall the example of Bowers and Ruane in [7]. Let G = F2 × Z
and X = Y = T × R, where F2 is the rank 2 free group generated by {a, b}
and T is the Cayley graph of F2 with respect to the generating set {a, b}.
Then we define the action “·” of the group G on the CAT(0) space X by
(a, 0) · (t, r) = (a · t, r),
(b, 0) · (t, r) = (b · t, r),
(1, 1) · (t, r) = (t, r + 1),
for each (t, r) ∈ T × R = X, and also define the action “∗” of the group G
on the CAT(0) space Y by
(a, 0) ∗ (t, r) = (a · t, r),
(b, 0) ∗ (t, r) = (b · t, r + 2),
(1, 1) ∗ (t, r) = (t, r + 1),
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for each (t, r) ∈ T × R = Y . Then the group G acts geometrically on the
two CAT(0) spaces X and Y , and the quasi-isometry g · x0 7→ g ∗ y0 (where
x0 = (1, 0) ∈ X and y0 = (1, 0) ∈ Y ) does not extend continuously to any
map from ∂X to ∂Y . Indeed for gi = a
ibi ∈ F2, {g
∞
i | i ∈ N} → a
∞ as
i→∞ in ∂T ,
lim
n→∞
(gni , 0) · x0 = [g
∞
i , 0],
lim
n→∞
(an, 0) · x0 = [a
∞, 0],
in X ∪ ∂X, and
lim
n→∞
(gni , 0) ∗ y0 = [g
∞
i ,
π
4
],
lim
n→∞
(an, 0) ∗ y0 = [a
∞, 0],
in Y ∪ ∂Y . Hence any map from ∂X to ∂Y obtained as a continuously
extension of the quasi-isometry G · x0 → G ∗ y0 (g · x0 → g ∗ y0) must
send [g∞i , 0] to [g
∞
i ,
pi
4 ] and fix [a
∞, 0]. However, this is incompatible with
continuously at [a∞, 0], because [g∞i , 0]→ [a
∞, 0] as i→∞ ([7, p.187]).
Here in this example, we note that
(a) the point ai · x0 is in the geodesic segment from x0 to g
i · x0 in X,
i.e., ai · x0 ∈ [x0, g
i · x0] in X for any i ∈ N and
(b) the distance between the point ai ∗y0 and the geodesic segment from
y0 to g
i ∗ y0 is unbounded for i ∈ N in Y , i.e., there does not exist a
constant M > 0 such that d(ai ∗ y0, [y0, g
i ∗ y0]) ≤ M for any i ∈ N
in Y .
Based on this observation, we consider a condition.
We suppose that a group G acts geometrically on two CAT(0) spaces X
and Y . Let x0 ∈ X and y0 ∈ Y . Then we define the condition (∗) as follows:
(∗) There exist constants N > 0 and M > 0 such that GB(x0, N) = X,
GB(y0,M) = Y and for any g, a ∈ G, if [x0, gx0]∩B(ax0, N) 6= ∅ in
X then [y0, gy0] ∩B(ay0,M) 6= ∅ in Y .
We first prove the following theorem in Section 3.
Theorem 1.1. Suppose that a group G acts geometrically on two CAT(0)
spaces X and Y . Let x0 ∈ X and y0 ∈ Y . If the condition (∗) holds, then
there exists a G-equivariant homeomorphism of the boundaries ∂X and ∂Y
as a continuous extension of the quasi-isometry φ : Gx0 → Gy0 defined by
φ(gx0) = gy0.
Next, we consider the following condition (∗∗).
We suppose that a group G acts geometrically on two CAT(0) spaces X
and Y . Let x0 ∈ X and y0 ∈ Y . Then we define the condition (∗∗) as
follows:
(∗∗) For any sequence {gi | i ∈ N} ⊂ G, the sequence {gix0 | i ∈ N} is a
Cauchy sequence in X ∪∂X if and only if the sequence {giy0 | i ∈ N}
is a Cauchy sequence in Y ∪ ∂Y .
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Then we show the following theorem in Section 4.
Theorem 1.2. Suppose that a group G acts geometrically on two CAT(0)
spaces X and Y . Let x0 ∈ X and y0 ∈ Y . The condition (∗∗) holds if and
only if there exists a G-equivariant homeomorphism of the boundaries ∂X
and ∂Y as a continuous extension of the quasi-isometry φ : Gx0 → Gy0
defined by φ(gx0) = gy0.
There are problems of rigidity in group actions (see Section 10).
In this paper, a CAT(0) group G is said to be (boundary-)rigid, if G
determines its ideal boundary up to homeomorphisms, i.e., all boundaries
of CAT(0) spaces on which G acts geometrically are homeomorphic. Also a
CAT(0) group G is said to be equivariant (boundary) rigid, if G determines
its ideal boundary by the equivariant homeomorphisms as above, i.e., if for
any two CAT(0) spacesX and Y on which G acts geometrically it obtain aG-
equivariant homeomorphism of the boundaries ∂X and ∂Y as a continuous
extension of the quasi-isometry φ : Gx0 → Gy0 defined by φ(gx0) = gy0,
where x0 ∈ X and y0 ∈ Y .
As an application of Theorem 1.1, we introduce some examples of equi-
variant rigid CAT(0) groups in Section 5. In particular, any group of the
form
Z
n1 ∗ · · · ∗ Znk ∗ A1 ∗ · · · ∗Al
where ni ∈ N and each Aj is a finite group is an equivariant rigid CAT(0)
group. (Here we note that there is a recent research by G. C. Hruska [36]
on CAT(0) spaces with isolated flats.)
Also as an application of Theorem 1.2, we introduce an example of non
equivariant rigid CAT(0) groups in Section 6. In particular, we show that
every CAT(0) group of the form G = F ×H where F is a free group of rank
n ≥ 2 and H is an infinite CAT(0) group, is non equivariant rigid.
In Section 7, we provide some remarks and questions on (equivariant)
rigidity of boundaries of CAT(0) groups. Here the following natural open
problem is important.
Problem. If G1 and G2 are (equivariant) rigid CAT(0) groups, then is
G1 ∗G2 also?
In Section 8, we investigate Coxeter groups acting on CAT(0) spaces as
reflection groups.
Now we consider a cocompact discrete reflection group G of a CAT(0)
space X. (Here definitions and details of reflections and cocompact discrete
reflection groups of geodesic spaces are found in [32] and [34].) Then the
group G becomes a Coxeter group.
In this paper, a Coxeter group W is said to be equivariant rigid as a
reflection group, if for any two CAT(0) spaces X and Y on which W acts
geometrically as W becomes a cocompact discrete reflection group of X and
Y , it obtain aW -equivariant homeomorphism of the boundaries ∂X and ∂Y
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as a continuous extension of the quasi-isometry φ : Wx0 →Wy0 defined by
φ(wx0) = wy0, where x0 ∈ X and y0 ∈ Y .
Then we show the following theorem.
Theorem 1.3. The following statements hold.
(i) If Coxeter groups W1 and W2 are equivariant rigid as reflection
groups, then W1 ∗W2 is also.
(ii) For a Coxeter group W = WA ∗WA∩B WB where WA∩B is finite, if
W determines its Coxeter system up to isomorphism, and if WA and
WB are equivariant rigid as reflection groups then W is also, where
WT is the parabolic subgroup of W generated by T .
Finally, by observing examples and applications of Theorems 1.1 and 1.2,
the following conjecture arises.
Conjecture. The group G = (F2×Z)∗Z2 will be a non-rigid CAT(0) group
with uncountably many boundaries.
We explain where this conjecture comes from in Section 9 and introduce
problems of rigidity on group actions in Section 10.
2. CAT(0) spaces and their boundaries
Details of CAT(0) spaces and their boundaries are found in [1], [8], [22],
[23] and [50].
A proper geodesic space (X, dX ) is called a CAT(0) space, if the “CAT(0)-
inequality” holds for all geodesic triangles △ and for all choices of two points
x and y in △. Here the “CAT(0)-inequality” is defined as follows: Let △ be
a geodesic triangle in X. A comparison triangle for △ is a geodesic triangle
△′ in the Euclidean plain R2 with same edge lengths as △. Choose two
points x and y in △. Let x′ and y′ denote the corresponding points in △′.
Then the inequality
dX(x, y) ≤ dR2(x
′, y′)
is called the CAT(0)-inequality, where dR2 is the natural metric on R
2.
Every proper CAT(0) space can be compactified by adding its “bound-
ary”. Let (X, dX ) be a proper CAT(0) space, and let R be the set of all
geodesic rays in X. We define an equivalence relation ∼ in R as follows:
For geodesic rays ξ, ζ : [0,∞)→ X,
ξ ∼ ζ ⇐⇒ Im ξ ⊂ B(Im ζ,N) for some N ≥ 0,
where B(A,N) := {x ∈ X | dX(x,A) ≤ N} for A ⊂ X. Then the boundary
∂X of X is defined as
∂X = R/ ∼ .
For each geodesic ray ξ ∈ R, the equivalence class of ξ is denoted by ξ(∞).
It is known that for each α ∈ ∂X and each x0 ∈ X, there exists a unique
geodesic ray ξα : [0,∞) → X such that ξα(0) = x0 and ξα(∞) = α. Thus
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we can identify the boundary ∂X of X as the set of all geodesic rays ξ with
ξ(0) = x0.
Let (X, dX) be a proper CAT(0) space and let x0 ∈ X. We define a
topology on X ∪ ∂X as follows:
(1) X is an open subspace of X ∪ ∂X.
(2) Let α ∈ ∂X and let ξα be the geodesic ray such that ξα(0) = x0 and
ξα(∞) = α. For r > 0 and ǫ > 0, we define
UX∪∂X(α; r, ǫ) = {x ∈ X ∪ ∂X |x 6∈ B(x0, r), dX(ξα(r), ξx(r)) < ǫ},
where ξx : [0, dX (x0, x)] → X is the geodesic (segment or ray) from
x0 to x. Let ǫ0 > 0 be a constant. Then the set
{UX∪∂X(α; r, ǫ0) | r > 0}
is a neighborhood basis for α in X ∪ ∂X.
Here it is known that the topology on X ∪ ∂X is not dependent on the
basepoint x0 ∈ X and X ∪ ∂X is a metrizable compactification of X.
Also for α ∈ ∂X and the geodesic ray ξα with ξα(0) = x0 and ξα(∞) = α
and for r > 0 and ǫ > 0, we define
U ′X∪∂X(α; r, ǫ) = {x ∈ X ∪ ∂X |x 6∈ B(x0, r), dX(ξα(r), Im ξx) < ǫ},
where ξx : [0, d(x0, x)] → X is the geodesic (segment or ray) from x0 to x.
Let ǫ0 > 0 be a constant. Then the set
{U ′X∪∂X(α; r, ǫ0) | r > 0}
is also a neighborhood basis for α in X ∪ ∂X (cf. [31, Lemma 4.2]).
Suppose that a group G acts on a proper CAT(0) space X by isometries.
For each element g ∈ G and each geodesic ray ξ : [0,∞) → X, a map
gξ : [0,∞) → X defined by (gξ)(t) := g(ξ(t)) is also a geodesic ray. For
two geodesic rays ξ and ξ′, if ξ(∞) = ξ′(∞) then gξ(∞) = gξ′(∞). Thus g
induces a homeomorphism of ∂X, and G acts on ∂X by homeomorphisms.
Here we note that if a sequence {xi | i ∈ N} ⊂ X converges to α ∈ ∂X in
X ∪ ∂X, then for any g ∈ G, the sequence {gxi | i ∈ N} ⊂ X converges to
gα ∈ ∂X in X ∪ ∂X.
Definition 2.1. Let (X, dX ) be a proper CAT(0) space and let {xi | i ∈
N} ⊂ X be an unbounded sequence in X. In this paper, we say that the
sequence {xi | i ∈ N} is a Cauchy sequence in X ∪ ∂X, if there exists ǫ0 > 0
such that for any r > 0, there is a number i0 ∈ N as
xi ∈ UX∪∂X(xi0 ; r, ǫ0)
for any i ≥ i0. Here
UX∪∂X(xi0 ; r, ǫ0) = {x ∈ X |x 6∈ B(x0, r), dX(ξxi0 (r), ξx(r)) < ǫ},
where ξz is the geodesic segment from x0 to z in X.
We show the following lemma used later.
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Lemma 2.2. Let (X, dX ) be a proper CAT(0) space and let {xi | i ∈ N} ⊂ X
be an unbounded sequence in X. Then the sequence {xi | i ∈ N} is a Cauchy
sequence in X ∪ ∂X defined above if and only if the sequence {xi | i ∈ N}
converges to some point α ∈ ∂X in X ∪ ∂X.
Proof. We first show that if the sequence {xi | i ∈ N} converges to some
point α ∈ ∂X in X ∪ ∂X, then {xi | i ∈ N} is a Cauchy sequence in X ∪ ∂X
defined above.
Suppose that {xi | i ∈ N} converges to α ∈ ∂X in X ∪ ∂X. Let ǫ0 > 0.
Since the set
{UX∪∂X(α; r,
ǫ0
2
) | r > 0}
is a neighborhood basis for α in X ∪ ∂X, for each r > 0, there exists a
number i0 ∈ N such that
xi ∈ UX∪∂X(α; r,
ǫ0
2
)
for any i ≥ i0. Then for any i ≥ i0,
dX(ξxi0 (r), ξx(r)) ≤ dX(ξxi0 (r), ξα(r)) + dX(ξα(r), ξx(r))
≤
ǫ0
2
+
ǫ0
2
= ǫ0.
Hence xi ∈ UX∪∂X(xi0 ; r, ǫ0) for any i ≥ i0. Thus the sequence {xi | i ∈ N}
is a Cauchy sequence in X ∪ ∂X.
Next, we show that if {xi | i ∈ N} is a Cauchy sequence in X ∪∂X defined
above, then {xi | i ∈ N} converges to some point α ∈ ∂X in X ∪ ∂X.
Suppose that {xi | i ∈ N} is a Cauchy sequence in X ∪ ∂X. Since the set
{xi | i ∈ N} is unbounded in X, there exists a limit point α ∈ Cl{xi | i ∈
N} ∩ ∂X. Here there exists a subsequence {xij | j ∈ N} ⊂ {xi | i ∈ N} which
converges to α in X ∪ ∂X.
Then we show that the sequence {xi | i ∈ N} converges to the point α ∈
∂X in X ∪ ∂X.
Since {xi | i ∈ N} is a Cauchy sequence in X ∪ ∂X, there exists ǫ0 > 0
such that for any r > 0, there is a number i0 ∈ N as xi ∈ UX∪∂X(xi0 ; r, ǫ0)
for any i ≥ i0, i.e., dX(ξxi0 (r), ξxi(r)) ≤ ǫ0 for any i ≥ i0. Also since the
subsequence {xij | j ∈ N} converges to α in X ∪ ∂X, there exists ij0 ≥ i0
such that xij0 ∈ UX∪∂X(α; r, 1), i.e., dX(ξxij0
(r), ξα(r)) ≤ 1. Then for any
i ≥ ij0 ,
dX(ξxi(r), ξα(r)) ≤ dX(ξxi(r), ξxi0 (r)) + dX(ξxi0 (r), ξxij0
(r)) + dX(ξxij0
(r), ξα(r))
≤ ǫ0 + ǫ0 + 1
= 2ǫ0 + 1,
since i ≥ ij0 ≥ i0. Hence for any r > 0, there exists a number ij0 ∈ N such
that for any i ≥ ij0 ,
xi ∈ UX∪∂X(α; r, 2ǫ0 + 1),
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where 2ǫ0+1 is a constant. Thus the sequence {xi | i ∈ N} converges to the
point α ∈ ∂X in X ∪ ∂X. 
3. Proof of Theorem 1.1
In this section, we prove Theorem 1.1.
We suppose that a group G acts geometrically on two CAT(0) spaces
(X, dX) and (Y, dY ). Let x0 ∈ X and y0 ∈ Y . Now we suppose that the
condition (∗) holds; that is,
(∗) there exist constants N > 0 and M > 0 such that GB(x0, N) = X,
GB(y0,M) = Y and for any g, a ∈ G, if [x0, gx0]∩B(ax0, N) 6= ∅ in
X then [y0, gy0] ∩B(ay0,M) 6= ∅ in Y .
Our goal in this section is to show that the quasi-isometry φ : Gx0 → Gy0
defined by φ(gx0) = gy0 continuously extends to a G-equivariant homeo-
morphism of the boundaries ∂X and ∂Y .
Since the map φ : Gx0 → Gy0 defined by φ(gx0) = gy0 is a quasi-isometry
(cf. [8, p.138], [24], [25]), there exist constants λ > 0 and C > 0 such that
1
λ
dY (gy0, hy0)−C ≤ dX(gx0, hx0) ≤ λdY (gy0, hy0) + C
for any g, h ∈ G.
We first show the following.
Proposition 3.1. Let {gi} ⊂ G be a sequence. If {gix0} ⊂ X is a Cauchy
sequence in X ∪ ∂X defined in Section 2, then {giy0} ⊂ Y is also a Cauchy
sequence in Y ∪ ∂Y .
Proof. Let {gi} ⊂ G. Suppose that {gix0} ⊂ X is a Cauchy sequence in
X ∪ ∂X.
To prove that {giy0} ⊂ Y is a Cauchy sequence in Y ∪ ∂Y , we show that
there exists M ′ > 0 such that for any R > 0, there is i0 ∈ N as
giy0 ∈ UY ∪∂Y (gi0y0;R,M
′)
for any i ≥ i0.
Let M ′ = λ(2N + 1) + 2M + C and let R > 0.
Since {gix0} ⊂ X is a Cauchy sequence in X ∪ ∂X, for r = λ(R + C +
M) +N , there exists i0 ∈ N such that
gix0 ∈ UX∪∂X(gi0x0; r, 1)
for any i ≥ i0.
Then
dX(x0, gi0x0) ≥ r, dX(x0, gix0) ≥ r, and dX(ξgi0x0(r), ξgix0(r)) ≤ 1,
where ξgi0x0 is the geodesic from x0 to gi0x0 and ξgix0 is the geodesic from
x0 to gix0 in X.
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Since GB(x0, N) = X, there exist a, b ∈ G such that dX(ax0, ξgi0x0(r)) ≤
N and dX(bx0, ξgix0(r)) ≤ N . Then
[x0, gi0x0] ∩B(ax0, N) 6= ∅ and [x0, gix0] ∩B(bx0, N) 6= ∅.
Hence by the condition (∗),
[y0, gi0y0] ∩B(ay0,M) 6= ∅ and [y0, giy0] ∩B(by0,M) 6= ∅.
Thus
ξgi0y0(r
′
0) ∈ [y0, gi0y0] ∩B(ay0,M) and ξgiy0(r
′) ∈ [y0, giy0] ∩B(by0,M)
for some r′0 > 0 and r
′ > 0.
To obtain that for any i ≥ i0,
giy0 ∈ UY ∪∂Y (gi0y0;R,M
′),
we show that
r′0 ≥ R, r
′ ≥ R and dY (ξgi0y0(r
′
0), ξgiy0(r
′)) ≤M ′.
First,
r′0 = dY (y0, ξgi0y0(r
′
0))
≥ dY (y0, ay0)−M
≥
1
λ
dX(x0, ax0)− C −M
≥
1
λ
(r −N)− C −M
= R,
because dX(x0, ax0) ≥ r −N and r = λ(R +C +M) +N .
Similary, r′ ≥ R, because dX(x0, bx0) ≥ r−N and r = λ(R+C+M)+N .
Also,
dY (ξgi0y0(r
′
0), ξgiy0(r
′)) ≤ dY (ay0, by0) + 2M
≤ (λdX(ax0, bx0) +C) + 2M
≤ λ(dX(ξgi0x0(r), ξgix0(r)) + 2N) + C + 2M
≤ λ(1 + 2N) + C + 2M
=M ′,
because dX(ξgi0x0(r), ξgix0(r)) ≤ 1 and M
′ = λ(2N + 1) + 2M + C.
Thus
r′0 ≥ R, r
′ ≥ R and dY (ξgi0y0(r
′
0), ξgiy0(r
′)) ≤M ′.
Hence
dY (ξgi0y0(R), ξgiy0(R)) ≤ dY (ξgi0y0(r
′
0), ξgiy0(r
′)) ≤M ′,
since Y is a CAT(0) space. Also we obtain that
dY (y0, gi0y0) ≥ R and dY (y0, giy0) ≥ R,
because r′0 ≥ R and r
′ ≥ R.
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Thus
giy0 ∈ UY ∪∂Y (gi0y0;R,M
′)
for any i ≥ i0. Hence we obtain that {giy0} ⊂ Y is a Cauchy sequence in
Y ∪ ∂Y . 
Then we can define a map φ¯ : ∂X → ∂Y as a continuous extension of
the quasi-isometry φ : Gx0 → Gy0 defined by φ(gx0) = gy0 as follows: For
each α ∈ ∂X, there exists a sequence {gix0} ⊂ Gx0 ⊂ X which converges
to α in X ∪ ∂X. Then the sequence {gix0} ⊂ X is a Cauchy sequence in
X ∪ ∂X by Lemma 2.2. By Proposition 3.1, the sequence {giy0} ⊂ Y is
also a Cauchy sequence in Y ∪ ∂Y . Hence by Lemma 2.2, the sequence
{giy0} ⊂ Y converges to some point α¯ ∈ ∂Y in Y ∪ ∂Y . Then we define
φ¯(α) = α¯.
Proposition 3.2. The map φ¯ : ∂X → ∂Y is well-defined.
Proof. Let α ∈ ∂X and let {gix0}, {hix0} ⊂ Gx0 ⊂ X be two sequences
which converge to α in X ∪∂X. As the argument above, by Lemma 2.2 and
Proposition 3.1, the sequence {giy0} ⊂ Y converges to some point α¯ ∈ ∂Y
and the sequence {hiy0} ⊂ Y converges to some point β¯ ∈ ∂Y in Y ∪ ∂Y .
Then we show that α¯ = β¯.
Here we can consider a sequence {g˜jx0 | j ∈ N} ⊂ Gx0 ⊂ X such that
{g˜jx0 | j ∈ N} = {gix0 | i ∈ N} ∪ {hix0 | i ∈ N}
and the sequence {g˜jx0} converges to α in X ∪ ∂X. Then the sequence
{g˜jx0} is a Cauchy sequence in X ∪ ∂X and the sequence {g˜jy0} is also in
Y ∪ ∂Y by Proposition 3.1. Hence the sequence {g˜jy0} converges to some
point γ¯ ∈ ∂Y in Y ∪ ∂Y . Here we note that the two sequences {giy0} and
{hiy0} are subsequences of {g˜jy0}. Hence we obtain that α¯ = β¯ = γ¯.
Thus the map φ¯ : ∂X → ∂Y defined as above is well-defined. 
Next, we show the following.
Proposition 3.3. The map φ¯ : ∂X → ∂Y is surjective.
Proof. Let α¯ ∈ ∂Y . There exists a sequence {giy0} ⊂ Gy0 ⊂ Y which
converges to α¯ in Y ∪ ∂Y . Then we consider the set {gix0 | i ∈ N} which is
an unbounded subset of X. Here
Cl{gix0 | i ∈ N} ∩ ∂X 6= ∅,
and there exists a subsequence {gijx0 | j ∈ N} ⊂ {gix0} which converges to
some point α ∈ ∂X. Then the sequence {gijy0} converges to α¯ in Y ∪ ∂Y ,
because {gijy0} is a subsequence of the sequence {giy0} which converges to
α¯ in Y ∪∂Y . Hence φ¯(α) = α¯ by the definition of the map φ¯. Thus the map
φ¯ : ∂X → ∂Y is surjective. 
Here we provide a lemma.
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Lemma 3.4. For any N˜ ≥ N , there exists M˜ > 0 such that GB(y0, M˜ ) = Y
and for any g, a ∈ G, if [x0, gx0] ∩ B(ax0, N˜ ) 6= ∅ in X then [y0, gy0] ∩
B(ay0, M˜) 6= ∅ in Y .
Proof. For N˜ ≥ N , we put M˜ = λ(N + N˜) + C +M .
Let g, a ∈ G as [x0, gx0] ∩ B(ax0, N˜ ) 6= ∅ in X. Then there exists a
point x1 ∈ [x0, gx0] ∩B(ax0, N˜). Since GB(x0, N) = X, there exists a
′ ∈ G
such that x1 ∈ B(a
′x0, N). Then x1 ∈ [x0, gx0]∩B(a
′x0, N) and [x0, gx0] ∩
B(a′x0, N) 6= ∅ in X. By the condition (∗), [y0, gy0] ∩B(a
′y0,M) 6= ∅ in Y .
Hence dY (a
′y0, [y0, gy0]) ≤M . Here we note that
dY (a
′y0, ay0) ≤ λdX(a
′x0, ax0) + C
≤ λ(dX(a
′x0, x1) + dX(x1, ax0)) +C
≤ λ(N + N˜) + C.
Hence
dY (ay0, [y0, gy0]) ≤ dY (ay0, a
′y0) + dY (a
′y0, [y0, gy0])
≤ λ(N + N˜) + C +M
= M˜.
Thus we obtain that [y0, gy0] ∩B(ay0, M˜ ) 6= ∅ in Y . 
Let N˜ = 2N . By Lemma 3.4, there exists M˜ > 0 such that GB(y0, M˜) =
Y and for any g, a ∈ G, if [x0, gx0] ∩ B(ax0, N˜) 6= ∅ in X then [y0, gy0] ∩
B(ay0, M˜) 6= ∅ in Y .
Here we show the following technical lemma.
Lemma 3.5. Let α ∈ ∂X and let ξα : [0,∞)→ X be the geodesic ray in X
such that ξα(0) = x0 and ξα(∞) = α. Let {gix0} ⊂ Gx0 ⊂ X be a sequence
which converges to α in X∪∂X such that dX(gix0, ξα(i)) ≤ N for any i ∈ N
(since GB(x0, N) = X, we can take such a sequence). Then
(1) dX(gix0, [x0, gjx0]) ≤ N˜ for any i, j ∈ N with i < j,
(2) dY (giy0, [y0, gjy0]) ≤ M˜ for any i, j ∈ N with i < j,
(3) dY (giy0, Im ξα¯) ≤ M˜ + 1 for any i ∈ N,
(4) dX(gix0, gi+1x0) ≤ 2N + 1 for any i ∈ N,
(5) dY (giy0, gi+1y0) ≤ λ(2N + 1) + C for any i ∈ N, and
(6) Im ξα¯ ⊂
⋃
{B(giy0, 3(M˜ + 1) + λ(2N + 1) + C) | i ∈ N}.
Here α¯ = φ¯(α) and ξα¯ : [0,∞) → Y is the geodesic ray in Y such that
ξα¯(0) = y0 and ξα¯(∞) = α¯.
Proof. (1) For any i, j ∈ N with i < j,
dX(gix0, [x0, gjx0]) ≤ dX(gix0, ξα(i)) + dX(ξα(i), [x0, gjx0])
≤ N +N = 2N
= N˜ ,
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where we obtain the inequality dX(ξα(i), [x0, gjx0]) ≤ N , since
dX(gjx0, ξα(j)) ≤ N , i < j and X is a CAT(0) space.
(2) By Lemma 3.4 and the definition of M˜ , we obtain that
dY (giy0, [y0, gjy0]) ≤ M˜ for any i, j ∈ N with i < j from (1).
(3) We note that the sequence {giy0} converges to α¯ by the definition of
the map φ¯ : ∂X → ∂Y .
Let i ∈ N and let R = dY (y0, giy0). Since the sequence {gjy0} converges
to α¯, there exists j0 ∈ N such that
dY (ξα¯(R), ξgjy0(R)) < 1
for any j ≥ j0, because the set
{UY ∪∂Y (α¯; r, 1) | r > 0}
defined in Section 2 is a neighborhood basis for α¯ in Y ∪ ∂Y .
Let j ∈ N with j > i and j > j0. Since i < j, we obtain that
dY (giy0, [y0, gjy0]) ≤ M˜ by (2). Hence there exists r > 0 such that
dY (giy0, ξgjy0(r)) ≤ M˜ . Here we note that r ≤ R by [31, Lemma 4.1]
and we can obtain that
dY (ξα¯(r), ξgjy0(r)) < dY (ξα¯(R), ξgjy0(R)) < 1,
since Y is a CAT(0) space. Then
dY (giy0, Im ξα¯) ≤ dY (giy0, ξgjy0(r)) + dY (ξgjy0(r), Im ξα¯)
< M˜ + 1.
Hence dY (giy0, Im ξα¯) ≤ M˜ + 1 for any i ∈ N.
(4) We obtain that dX(gix0, gi+1x0) ≤ 2N + 1 for any i ∈ N, because
dX(gix0, gi+1x0) ≤ dX(gix0, ξα(i)) + dX(ξα(i), ξα(i+ 1)) + dX(ξα(i+ 1), gi+1x0)
≤ N + 1 +N
= 2N + 1,
since dX(gix0, ξα(i)) ≤ N for any i ∈ N by the definition of the sequence
{gix0}.
(5) Since the map φ : Gx0 → Gy0 (gx0 7→ gy0) is a quasi-isometry, we
obtain that dY (giy0, gi+1y0) ≤ λ(2N + 1) + C for any i ∈ N by (4).
(6) For each i ∈ N, there exists ri > 0 such that dY (giy0, ξα¯(ri)) ≤ M˜ +1
by (3). Then by (5),
dY (ξα¯(ri), ξα¯(ri+1)) ≤ dY (ξα¯(ri), giy0) + dY (giy0, gi+1y0) + dY (gi+1y0, ξα¯(ri+1))
≤ (M˜ + 1) + (λ(2N + 1) + C) + (M˜ + 1)
= 2(M˜ + 1) + λ(2N + 1) + C.
Hence we obtain that
Im ξα¯ ⊂
⋃
{B(giy0, 3(M˜ + 1) + λ(2N + 1) + C) | i ∈ N}.

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Now we show the following.
Proposition 3.6. The map φ¯ : ∂X → ∂Y is injective.
Proof. Let α,α′ ∈ ∂X, and let ξα : [0,∞) → X and ξα′ : [0,∞) → X
be the geodesic rays in X such that ξα(0) = ξα′(0) = x0, ξα(∞) = α
and ξα′(∞) = α
′. Let {gix0}, {g
′
ix0} ⊂ Gx0 ⊂ X be sequences such that
dX(gix0, ξα(i)) ≤ N and dX(g
′
ix0, ξα′(i)) ≤ N . Then the sequence {gix0}
converges to α and the sequence {g′ix0} converges to α
′ in X ∪ ∂X.
Let α¯ = φ¯(α) and α¯′ = φ¯(α′). Also let ξα¯ : [0,∞)→ Y and ξα¯′ : [0,∞)→
Y be the geodesic rays in Y such that ξα¯(0) = ξα¯′(0) = y0, ξα¯(∞) = α¯ and
ξα¯′(∞) = α¯
′.
Then by Lemma 3.5,
(1) dX(gix0, [x0, gjx0]) ≤ N˜ for any i, j ∈ N with i < j,
(2) dY (giy0, [y0, gjy0]) ≤ M˜ for any i, j ∈ N with i < j,
(3) dY (giy0, Im ξα¯) ≤ M˜ + 1 for any i ∈ N,
(4) dX(gix0, gi+1x0) ≤ 2N + 1 for any i ∈ N,
(5) dY (giy0, gi+1y0) ≤ λ(2N + 1) + C for any i ∈ N,
(6) Im ξα¯ ⊂
⋃
{B(giy0, 3(M˜ + 1) + λ(2N + 1) + C) | i ∈ N},
and
(1′) dX(g
′
ix0, [x0, g
′
jx0]) ≤ N˜ for any i, j ∈ N with i < j,
(2′) dY (g
′
iy0, [y0, g
′
jy0]) ≤ M˜ for any i, j ∈ N with i < j,
(3′) dY (g
′
iy0, Im ξα¯′) ≤ M˜ + 1 for any i ∈ N,
(4′) dX(g
′
ix0, g
′
i+1x0) ≤ 2N + 1 for any i ∈ N,
(5′) dY (g
′
iy0, g
′
i+1y0) ≤ λ(2N + 1) + C for any i ∈ N,
(6′) Im ξα¯′ ⊂
⋃
{B(g′iy0, 3(M˜ + 1) + λ(2N + 1) + C) | i ∈ N}.
To prove that the map φ¯ : ∂X → ∂Y is injective, we show that if α 6= α′
then α¯ 6= α¯′.
We suppose that α 6= α′. Then the geodesic rays ξα and ξα′ are
not asymptotic. Hence for any t > 0, there exists r0 > 0 such that
dX(ξα(r0), Im ξα′) > t. Then for i0 ∈ N with i0 ≥ r0,
dX(gi0x0, Im ξα′) ≥ dX(ξα(i0), Im ξα′)− dX(gi0x0, ξα(i0))
≥ dX(ξα(r0), Im ξα′)−N
> t−N
Since dX(g
′
jx0, Im ξα′) ≤ N for any j ∈ N, we obtain that dX(gi0x0, g
′
jx0) >
t− 2N for any j ∈ N. Hence for any j ∈ N,
dY (gi0y0, g
′
jy0) ≥
1
λ
dX(gi0x0, g
′
jx0)− C
>
1
λ
(t− 2N)− C.
Here by (6′),
Im ξα¯′ ⊂
⋃
{B(g′jy0, 3(M˜ + 1) + λ(2N + 1) + C) | j ∈ N}.
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Let j0 ∈ N such that
dY (gi0y0, g
′
j0
y0) = min{dY (gi0y0, g
′
jy0) | j ∈ N}.
Then
dY (gi0y0, Im ξα¯′) ≥ min{dY (gi0y0, g
′
jy0) | j ∈ N} − (3(M˜ + 1) + λ(2N + 1) + C)
= dY (gi0y0, g
′
j0
y0)− (3(M˜ + 1) + λ(2N + 1) + C)
> (
1
λ
(t− 2N)− C)− (3(M˜ + 1) + λ(2N + 1) + C),
since dY (gi0y0, g
′
jy0) >
1
λ
(t− 2N)−C for any j ∈ N by the argument above.
Thus for any t > 0, there exists i0 ∈ N such that
dY (gi0y0, Im ξα¯′) > (
1
λ
(t− 2N)− C)− (3(M˜ + 1) + λ(2N + 1) + C).
Here by (3), there exists R0 > 0 such that
dY (gi0y0, ξα¯(R0)) ≤ M˜ + 1.
Then
dY (ξα¯(R0), Im ξα¯′) ≥ dY (gi0y0, Im ξα¯′)− dY (gi0y0, ξα¯(R0))
> (
1
λ
(t− 2N)− C)− (3(M˜ + 1) + λ(2N + 1) + C)− (M˜ + 1)
= (
1
λ
(t− 2N)− C)− (4(M˜ + 1) + λ(2N + 1) + C).
Since t > 0 is an arbitrary large number, the two geodesic rays ξα¯ and ξα¯′
are not asymptotic and α¯ 6= α¯′.
Therefore, the map φ¯ : ∂X → ∂Y is injective. 
From Propositions 3.3 and 3.6, we obtain that the map φ¯ : ∂X → ∂Y is
bijective.
Then we show the following.
Proposition 3.7. The map φ¯ : ∂X → ∂Y is continuous.
Proof. Let α ∈ ∂X and let {αi | i ∈ N} ⊂ ∂X be a sequence which converges
to α in ∂X.
It is sufficient to show that the sequence {α¯i | i ∈ N} converges to α¯ in
∂Y , where α¯i = φ¯(αi) and α¯ = φ¯(α).
For each i ∈ N, there exists a sequence {ai,jx0 | j ∈ N} which converges
to αi as j →∞.
Since the sequence {αi | i ∈ N} ⊂ ∂X converges to α in ∂X, for any r > 0,
there exists i0 ∈ N such that
αi ∈ UX∪∂X(α; r, 1)
for any i ≥ i0. Since the sequence {ai,jx0 | j ∈ N} converges to αi as j →∞
in X ∪ ∂X, for any i ≥ i0, there exists ji ∈ N such that
ai,jx0 ∈ UX∪∂X(αi; r, 1)
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for any j ≥ ji.
Then
ai,jx0 ∈ UX∪∂X(α; r, 2)
for any i ≥ i0 and j ≥ ji.
Now the sequence {ai,jx0 | j ≥ ji, i ≥ i0} converges to α as i → ∞ in
X ∪ ∂X. Hence the sequence {ai,jy0 | j ≥ ji, i ≥ i0} converges to φ¯(α) = α¯
as i→∞ in Y ∪ ∂Y .
Here we note that the sequence {ai,jy0 | j ∈ N} converges to φ¯(αi) = α¯i
as j →∞ in Y ∪ ∂Y .
Then for any r > 0, there exists an enough large number i ≥ i0 such that
ai,jy0 ∈ UY ∪∂Y (α¯; r, 1)
for any j ≥ ji. Also there exists an enough large number j ≥ ji such that
ai,jy0 ∈ UY ∪∂Y (α¯i; r, 1).
Then we obtain that
α¯i ∈ UY ∪∂Y (α¯; r, 2).
Thus the sequence {α¯i | i ∈ N} converges to α¯ in ∂Y and the map φ¯ :
∂X → ∂Y is continuous. 
Therefore we obtain the following.
Theorem 3.8. The map φ¯ : ∂X → ∂Y is a G-equivariant homeomorphism.
Proof. By the argument above, the map φ¯ : ∂X → ∂Y is well-defined,
bijective and continuous.
From the definition and the well-definedness of φ¯, we obtain that the map
φ¯ : ∂X → ∂Y is G-equivariant. Indeed for any α ∈ ∂X and g ∈ G, if
{gix0} ⊂ Gx0 ⊂ X is a sequence which converges to α in X ∪ ∂X, then
φ¯(α) is the point of ∂Y to which the sequence {giy0} ⊂ Gy0 ⊂ Y converges
in Y ∪ ∂Y . Then {ggix0} ⊂ Gx0 ⊂ X is the sequence which converges
to gα in X ∪ ∂X and φ¯(gα) is the point of ∂Y to which the sequence
{ggiy0} ⊂ Gy0 ⊂ Y converges in Y ∪ ∂Y . Here we note that the sequence
{ggiy0} ⊂ Gy0 ⊂ Y converges to gφ¯(α) in Y ∪ ∂Y by the definition of the
action of G on ∂Y . Hence φ¯(gα) = gφ¯(α) for any α ∈ ∂X and g ∈ G and
the map φ¯ : ∂X → ∂Y is G-equivariant.
Also, the map φ¯ : ∂X → ∂Y is closed, since ∂X and ∂Y are compact and
metrizable.
Therefore, we obtain that the map φ¯ : ∂X → ∂Y is a G-equivariant
homeomorphism. 
4. Proof of Theorem 1.2
In this section, we prove Theorem 1.2.
We suppose that a group G acts geometrically on two CAT(0) spaces
(X, dX) and (Y, dY ). Let x0 ∈ X and y0 ∈ Y .
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We first show that if the condition (∗∗) holds, then there exists a G-
equivariant homeomorphism of the boundaries ∂X and ∂Y as a continuous
extension of the quasi-isometry φ : Gx0 → Gy0 defined by φ(gx0) = gy0.
Now we suppose that the condition (∗∗) holds; that is,
(∗∗) For any sequence {gi | i ∈ N} ⊂ G, the sequence {gix0 | i ∈ N} is a
Cauchy sequence in X ∪∂X if and only if the sequence {giy0 | i ∈ N}
is a Cauchy sequence in Y ∪ ∂Y .
We define a map φ¯ : ∂X → ∂Y as a continuous extension of the quasi-
isometry φ : Gx0 → Gy0 defined by φ(gx0) = gy0 by the same argument
in Section 3: For each α ∈ ∂X, there exists a sequence {gix0} ⊂ Gx0 ⊂ X
which converges to α in X∪∂X. Then the sequence {gix0} ⊂ X is a Cauchy
sequence in X ∪∂X. By the condition (∗∗), the sequence {giy0} ⊂ Y is also
a Cauchy sequence in Y ∪ ∂Y . Hence the sequence {giy0} ⊂ Y converges to
some point α¯ ∈ ∂Y in Y ∪ ∂Y . Then we define φ¯(α) = α¯.
We obtain the following by the same proof as the one of Proposition 3.2.
Proposition 4.1. The map φ¯ : ∂X → ∂Y is well-defined.
Also we can define the inverse φ¯−1 : ∂Y → ∂X as a continuous extension
of the quasi-isometry φ−1 : Gy0 → Gx0 defined by φ
−1(gy0) = gx0 by the
condition (∗∗).
Hence, we obtain the following.
Proposition 4.2. The map φ¯ : ∂X → ∂Y is bijective.
Also, we obtain the following by the same proof as the one of Proposi-
tion 3.7.
Proposition 4.3. The map φ¯ : ∂X → ∂Y is continuous.
Thus we obtain the following theorem.
Theorem 4.4. The map φ¯ : ∂X → ∂Y is a G-equivariant homeomorphism.
Conversely, we suppose that the condition (∗∗) does not hold.
Then there exists a sequence {gi | i ∈ N} ⊂ G such that either
(1) {gix0 | i ∈ N} is a Cauchy sequence in X ∪ ∂X and {giy0 | i ∈ N} is
not a Cauchy sequence in Y ∪ ∂Y , or
(2) {gix0 | i ∈ N} is not a Cauchy sequence in X ∪ ∂X and {giy0 | i ∈ N}
is a Cauchy sequence in Y ∪ ∂Y .
Now we suppose that (1) {gix0 | i ∈ N} is a Cauchy sequence in X ∪ ∂X
and {giy0 | i ∈ N} is not a Cauchy sequence in Y ∪ ∂Y .
Then, the sequence {gix0 | i ∈ N} is Cauchy and converges to some point
α ∈ ∂X in X ∪ ∂X. On the other hand, the sequence {giy0 | i ∈ N} is not
Cauchy and contains subsequences {gijy0 | j ∈ N} and {gkjy0 | j ∈ N} which
converge to some points α¯ and β¯ in ∂Y respectively, with α¯ 6= β¯.
This means that the map φ : Gx0 → Gy0 (gx0 7→ gy0) does not continu-
ously extend to any map φ¯ : ∂X → ∂Y .
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By the same argument, we obtain that if (2) {gix0 | i ∈ N} is not a Cauchy
sequence in X ∪∂X and {giy0 | i ∈ N} is a Cauchy sequence in Y ∪∂Y , then
the map φ−1 : Gy0 → Gx0 (gy0 7→ gx0) does not continuously extend to any
map φ¯−1 : ∂Y → ∂X.
Therefore, there does not exist a G-equivariant homeomorphism of the
boundaries ∂X and ∂Y as a continuous extension of the quasi-isometry
φ : Gx0 → Gy0 defined by φ(gx0) = gy0.
5. Examples of equivariant rigid CAT(0) groups
As an application of Theorem 1.1 and the condition (∗), we introduce
some examples.
Example 5.1. Let G = Z× Z. The group G acts geometrically on the flat
plane X = R2 by (a, b) · (x, y) = (x + a, y + b) for any (a, b) ∈ Z × Z = G
and (x, y) ∈ R2 = X.
Suppose that the group G acts geometrically on a CAT(0) space Y . Then
by the Flat Torus Theorem [8, Theorem II.7.1], there exist a quasi-convex
subset Y ′ of Y and a point y0 ∈ Y such that Y
′ is isometric to R2 and Y ′
is the convex hull C(Gy0) of the orbit Gy0 in Y , where the orbit Gy0 is a
lattice in Y ′ ∼= R2.
Then there exists a linear transformation φ : X → Y ′.
In this case, we see that the condition (∗) holds for the actions of the
group G on X and Y .
In fact, the induced map φ¯ : ∂X → ∂Y of the boundaries ∂X and ∂Y
that are homeomorphic to a circle S1 is an equivariant homeomorphism.
Example 5.2. By the same argument as above, we obtain that any geo-
metric actions of a group G = Zn (n ∈ N) on any CAT(0) spaces satisfy the
condition (∗). Hence G = Zn is an equivariant rigid CAT(0) group.
Example 5.3. Let G = (Z×Z) ∗Z2 which is the free product of Z×Z and
Z2. Let G1 = Z× Z and A = Z2; that is, G = G1 ∗ A.
We construct a CAT(0) cubical cell complex Σ as follows: Let X1 = R
2
on which G1 = Z × Z acts geometrically by (a, b) · (x, y) = (x + a, y + b)
for each (a, b) ∈ G1 and (x, y) ∈ X1. Here we consider that X1 = R
2 is the
cubical cell complex whose 1-skeleton is the Cayley graph of G1 = Z × Z.
Also let X2 = [0, 1] on which G2 = Z2 acts by 0¯ · x = x and 1¯ · x = 1 − x
for each 0¯, 1¯ ∈ Z2 and x ∈ [0, 1] = X2; that is, A = Z2 is a reflection
group of X2 = [0, 1]. Here we may consider that X2 = [0, 1] is the cubical
complex whose 1-skeleton is the Cayley graph of A = Z2. Then we define
the 2-dimensional cubical cell complex Σ as
Σ =
⋃
{gX1 | g ∈ G} ∪
⋃
{gX2 | g ∈ G},
where we identify the two points g · (0, 0) ∈ gX1 and g · 0 ∈ gX2 for any
g ∈ G and the 1-skeleton of Σ is the Cayley graph of G = (Z × Z) ∗ Z2.
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This construction is similar to one of the Davis complex of the right-angled
Coxeter group W = ((Z2 ∗ Z2)× (Z2 ∗ Z2)) ∗ Z2.
Now we show that if the group G = (Z× Z) ∗ Z2 acts geometrically on a
CAT(0) space Y , then the actions of G on Σ and Y satisfy the condition (∗).
Suppose that the group G = G1 ∗ A = (Z × Z) ∗ Z2 acts geometrically
on a CAT(0) space Y . Then there exists y0 ∈ Y such that the convex-hull
C(G1y0) is isometric to R
2 by [8, Theorem II.7.1]. We put Y1 = C(G1y0).
Let identify A = {1, a} (a2 = 1). Then we note that ∂Y1 ∩ ∂aY1 = ∅.
Hence there exists M > 0 such that
[y, y′] ∩B(y0,M) 6= ∅ and
[y, y′] ∩B(ay0,M) 6= ∅
for any y ∈ Y and y′ ∈ aY .
Here for any g ∈ G, we can write g = g1a1 · · · gnan for some gi ∈ G1 and
ai ∈ A (where it may g1 = 1 or an = 1). Then
[x0, gx0] = [x0, g1x0] ∪ [g1x0, g1a1x0] ∪ · · · ∪ [g1a1 · · · gnx0, gx0],
in Σ. Also,
[y0, gy0] ∩B(g1a1 · · · gi−1ai−1giy0,M) 6= ∅ and
[y0, gy0] ∩B(g1a1 · · · giaiy0,M) 6= ∅
for any i = 1, . . . , n in Y .
Thus, we obtain that the geometric action of G on Σ and any geometric
action of G on any CAT(0) space Y satisfy the condition (∗).
Therefore, the group G = (Z × Z) ∗ Z2 is an equivariant rigid CAT(0)
group.
Example 5.4. By the same argument as above, we obtain that groups of
the form G = Zn ∗ Z2 (n ∈ N) are equivariant rigid CAT(0) groups.
Example 5.5. Let G = Zn ∗A which is the free product of Zn and a finite
group A and let G1 = Z
n; that is, G = G1 ∗A.
We construct a CAT(0) cubical cell complex Σ as follows:
Let X1 = R
n on which G1 = Z
n acts geometrically by (a1, . . . , an) ·
(x1, . . . , xn) = (x1 + a1, . . . , xn + an) for any (a1, . . . , an) ∈ G1 and
(x1, . . . , xn) ∈ X1. Here we consider that X1 = R
n is the cubical cell com-
plex whose 1-skeleton is the Cayley graph of G1 = Z
n. Then we consider
the set {gX1 | g ∈ G}, where each gX1 is a copy of X1 and gX1 = hX1 if
and only if g−1h ∈ G1. Let x0 := 0 in X1 = R
n. Then G1x0 is a lattice of
X1 = R
n.
Also let X2 be the cone x ∗ Az0 of Az0 = {az0 | a ∈ A} where the length
of [x, az0] is 1 and [x, az0] is isometric to [0, 1]. Here A acts naturally by
isometries on X2 by a · x = x and a · bz0 = abz0 for any a ∈ A and bz0 ∈
Az0 ⊂ X2. We may consider that X2 is a 1-dimensional cubical complex.
Then we consider the set {gX2 | g ∈ G}, where each gX2 is a copy of X2 and
gX2 = hX2 if and only if g
−1h ∈ A.
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Here for each g ∈ G, we glue gX1 and gX2 by the one-point union
gX1 ∨gx0=gz0 gX2.
Also we define the n-dimensional cubical cell complex Σ as
Σ =
⋃
{gX1 | g ∈ G} ∪
⋃
{gX2 | g ∈ G},
where we identify gx0 = gz0 for any g ∈ G. Then Σ is contractible, since
G = G1 ∗A is the free-product of G1 and A. Moreover, Σ is a CAT(0) space
on which G = G1 ∗A naturally acts geometrically.
Now we show that if the group G = G1∗A acts geometrically on a CAT(0)
space Y , then the actions of G on Σ and Y satisfy the condition (∗).
Suppose that the group G = G1 ∗A acts geometrically on a CAT(0) space
Y . Then there exists y0 ∈ Y such that the convex-hull C(G1y0) is isometric
to Rn by [8, Theorem II.7.1].
Let a ∈ A − {1}. Then we note that ∂Y1 ∩ ∂aY1 = ∅. Hence, by the
structure of G, there exists M > 0 such that
[y, y′] ∩B(y0,M) 6= ∅ and
[y, y′] ∩B(ay0,M) 6= ∅
for any y ∈ Y and y′ ∈ aY .
For any g ∈ G, we can write g = g1a1 · · · gnan for some gi ∈ G1 and
ai ∈ A. Then
[x0, gx0] = [x0, g1x0] ∪ [g1x0, g1a1x0] ∪ · · · ∪ [g1a1 · · · gnx0, gx0],
in Σ. Also,
[y0, gy0] ∩B(g1a1 · · · gi−1ai−1giy0,M) 6= ∅ and
[y0, gy0] ∩B(g1a1 · · · giaiy0,M) 6= ∅
for any i = 1, . . . , n in Y .
Hence, we obtain that the geometric action of G on Σ and any geometric
action of G on any CAT(0) space Y satisfy the condition (∗).
Therefore, the group G = Zn ∗ A is an equivariant rigid CAT(0) group.
Example 5.6. Groups of the form G = Zn1 ∗Zn2 (n1, n2 ∈ N) are equivari-
ant rigid CAT(0) groups.
First, for G = Zn1 ∗ Zn2 (n1, n2 ∈ N) where we put G1 = Z
n1 and
G2 = Z
n2 ; that is G = G1 ∗G2, we construct a CAT(0) cubical cell complex
Σ as follows:
For each i = 1, 2, let Xi = R
ni on which Gi = Z
ni acts geometrically by
(a1, . . . , ani)·(x1, . . . , xni) = (x1+a1, . . . , xni+ani) for any (a1, . . . , ani) ∈ Gi
and (x1, . . . , xni) ∈ Xi. Here we consider that Xi = R
ni is the cubical cell
complex whose 1-skeleton is the Cayley graph of Gi = Z
ni . Then we consider
the set {gXi | g ∈ G}, where each gXi is a copy of Xi and gXi = hXi if and
only if g−1h ∈ Gi for each i = 1, 2. Let xi := 0 in Xi = R
ni . Then Gixi is a
lattice of Xi = R
ni .
19
Here for each g ∈ G, we glue gX1 and gX2 by the one-point union
gX1 ∨gx1=gx2 gX2.
Also we define the (max{n1, n2})-dimensional cubical cell complex Σ as
Σ =
⋃
{gX1 | g ∈ G} ∪
⋃
{gX2 | g ∈ G},
where we identify gx1 = gx2 for any g ∈ G. Then Σ is contractible, since
G = G1 ∗ G2 is the free-product of G1 and G2. Moreover, Σ is a CAT(0)
space on which G = G1 ∗G2 naturally acts geometrically.
Now we show that if the groupG = G1∗G2 acts geometrically on a CAT(0)
space Y , then the actions of G on Σ and Y satisfy the condition (∗).
Suppose that the group G = G1 ∗ G2 acts geometrically on a CAT(0)
space Y . Then for each i = 1, 2, there exists yi ∈ Y such that the convex-
hull C(Giyi) is isometric to R
ni by [8, Theorem II.7.1]. Here we put y0 := y1,
Y1 := C(G1y0) and Y2 := C(G2y0). Then Y1 is isometric to R
n1 on which
G1 acts geometrically by lattice.
We show that G2 acts cocompactly on Y2. Let M = dY (y0, C(G2y2)).
Then for any g, g′ ∈ G2, we have that dY (gy0, C(G2y2)) ≤ M and
dY (g
′y0, C(G2y2)) ≤ M . Hence [gy0, g
′y0] ⊂ B(C(G2y2),M), since Y
is a CAT(0) space and C(G2y2) is convex. Also for any y, y
′ ∈ Y2 =
C(G2y0), if dY (y,C(G2y2)) ≤ M and dY (y
′, C(G2y2)) ≤ M then [y, y
′] ⊂
B(C(G2y2),M), since Y is a CAT(0) space and C(G2y2) is convex. Thus
we obtain that Y2 = C(G2y0) ⊂ B(C(G2y2),M). Let N > 0 such that
G2B(y2, N) = Y2. Then we note that B(C(G2y2),M) ⊂ G2B(y2,M + N).
Hence
Y2 = C(G2y0) ⊂ B(C(G2y2),M) ⊂ G2B(y2,M +N).
Here B(y2,M +N) is compact. Thus the action of G2 on Y2 is cocompact.
This implies that the group G2 acts geometrically on the CAT(0) space Y2.
By [8, Theorem II.7.1]. there exists y′2 ∈ Y2 such that the convex-hull
C(G2y
′
2) ⊂ Y2 is isometric to R
n2 . Let Y ′2 := C(G2y
′
2).
Since the action of G on Y is cocompact, there exists N¯ > 0 such that
GB(y0, N¯) = Y . Then we put Y¯1 = B(Y1, N¯ ) and Y¯2 = B(Y2, N¯). Here we
note that y0 ∈ Y1 ∩ Y2 and G(Y¯1 ∩ Y¯2) = Y . Hence
Y =
⋃
{gY¯1 | g ∈ G} and
Y =
⋃
{gY¯2 | g ∈ G}.
Here we show that the set Y¯1 ∩ Y¯2 is bounded. Indeed if Y¯1 ∩ Y¯2 is
unbounded, then there exists α ∈ ∂(Y¯1 ∩ Y¯2). Then for i = 1, 2, there exists
a sequence {gjy0 | j ∈ N} ⊂ Giy0 which converges to α in Y ∪ ∂Y . Hence
α ∈ L(Gi) for each i = 1, 2, where L(Gi) = Giy0 ∩ ∂Y which is the limit set
of Gi in ∂Y . Then by [28, Theorem 4.15],
α ∈ L(G1) ∩ L(G2) = L(G1 ∩G2) = L({1}) = ∅,
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because G = G1 ∗G2 is the free-product of G1 and G2. This is a contradic-
tion. Thus we obtain that Y¯1 ∩ Y¯2 is bounded.
We also note that gG1g
−1∩hG2h
−1 = {1} for any g, h ∈ G and gGig
−1∩
hGih
−1 = {1} for any g, h ∈ G such that gGi 6= hGi (i = 1, 2). Hence, by a
similar argument to above one, we also obtain that gY¯1∩hY¯2 is bounded for
any g, h ∈ G, and gY¯i∩hY¯i is bounded for any g, h ∈ G such that gGi 6= hGi
(i = 1, 2).
By [8, Theorem I.8.10], the set
S = {s ∈ G |B(x0, N¯) ∩B(sx0, N¯ ) 6= ∅} − {1}
is a generating set of G. We can write S = {s1, . . . , sk} ∪ {s
′
1, . . . , s
′
l} where
S1 = {s1, . . . , sk} generates G1 and S2 = {s
′
1, . . . , s
′
l} generates G2. Here
S1 ∩ S2 = ∅, since G = G1 ∗G2.
For any g ∈ G, we can write g = g1h1 · · · gnhn for some gi ∈ G1 and
hi ∈ G2 (where it may g1 = 1 or hn = 1). Then
[x0, gx0] = [x0, g1x0] ∪ [g1x0, g1h1x0] ∪ · · · ∪ [g1h1 · · · gnx0, gx0],
in Σ. By the structure of G and the argument above, we have that
[y0, gy0] ∩B(g1h1 · · · gi−1hi−1giy0, N¯) 6= ∅ and
[y0, gy0] ∩B(g1h1 · · · gihiy0, N¯ ) 6= ∅
for any i = 1, . . . , n in Y .
Hence, we obtain that the geometric action of G on Σ and any geometric
action of G on any CAT(0) space Y satisfy the condition (∗).
Therefore, the group G = G1 ∗G2 is an equivariant rigid CAT(0) group.
Example 5.7. By the same argument as above, we obtain that groups of
the form
G = Zn1 ∗ · · · ∗ Znk
(ni ∈ N) are equivariant rigid CAT(0) groups.
Moreover, we can obtain that groups of the form
G = Zn1 ∗ · · · ∗ Znk ∗A1 ∗ · · · ∗ Al
(where ni ∈ N and each Aj is a finite group) are equivariant rigid CAT(0)
groups.
6. Examples of non equivariant rigid CAT(0) groups
As an application of Theorem 1.2 and the condition (∗∗), we introduce
some examples.
Example 6.1. Let G = F2×Z, where F2 is the rank 2 free group generated
by {a, b}. Let T and T ′ be the Cayley graphs of F2 with respect to the
generating set {a, b} such that
(1) in T , all edges [g, ga] and [g, gb] (g ∈ F2) have the unit length, and
(2) in T ′, the length of [g, ga] is 2 and the length of [g, gb] is 1 for any
g ∈ F2
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(see Figure 1). Here we note that F2 acts naturally and geometrically on T
and T ′.
T T ′
Figure 1.
Let X = T × R and Y = T ′ × R. We consider the natural actions of the
group G on the CAT(0) spaces X and Y .
Then the group G acts geometrically on the two CAT(0) spaces X and Y ,
and the quasi-isometry gx0 7→ gy0 (where x0 = (1, 0) ∈ X and y0 = (1, 0) ∈
Y ) does not extend continuously to any map from ∂X to ∂Y .
Indeed, for example, we can consider the sequence {gn |n ∈ N} ⊂ F2 such
that g1 = ab and
gn =
{
gn−1a
2n−1 if n is even
gn−1b
2n−1 if n is odd
for n ≥ 2. Here we note that the length of the words of gn in F2 is 2
n. Let
g¯n = (gn, 2
n) ∈ F2 × Z for n ∈ N. Then the sequence {g¯nx0} is a Cauchy
sequence in X ∪ ∂X and converges to the point [α, pi4 ] where α ∈ ∂T to
which {gn} converges. On the other hand, the sequence {g¯ny0} is not a
Cauchy sequence in Y ∪ ∂Y . Thus by the condition (∗∗) and Theorem 1.2,
the map φ : Gx0 → Gy0 (gx0 7→ gy0) does not continuously extend to any
map φ¯ : ∂X → ∂Y .
Here we note that the group G = F2 × Z is a rigid CAT(0) group whose
boundary is the suspension of the Cantor set.
Example 6.2. By the argument in Example 6.1, we obtain that every
CAT(0) group of the form G = F × H where F is a free group of rank
n ≥ 2 and H is an infinite CAT(0) group, is non equivariant rigid.
Indeed we can consider the Cayley graphs T and T ′ of F with respect to
the generating set {a1, . . . , an} of F such that
(1) in T , all edges [g, gai] (g ∈ F , i = 1, . . . , n) have the unit length, and
(2) in T ′, the length of [g, ga1] (g ∈ F ) is 2 and the length of [g, gai]
(g ∈ F , i = 2, . . . , n) is 1.
Let Y be a CAT(0) space on which H acts geometrically and let X = T ×Y
and X ′ = T ′× Y . Since H is an infinite CAT(0) group, there exists h0 ∈ H
such that the order o(h0) =∞ ([50, Theorem 11]). Then h0 is a hyperbolic
isometry of Y . Let σ0 be an axis for h0 in Y . Then, the natural actions of
G = F ×H on X and X ′ does not continuously extend to any map between
boundaries ∂X and ∂X ′ by the same argument as Example 6.1. Indeed
F × 〈h0〉 ⊂ F ×H = G, T × Imσ0 ⊂ X and T
′ × Imσ0 ⊂ X
′.
Here we note that ∂X = ∂T ∗∂Y and ∂X ′ = ∂T ′ ∗∂Y are homeomorphic.
Also, if G = F × H acts geomretrically on a CAT(0) space X then the
boundary ∂X is homeomorphic to ∂F ∗ ∂Z where Z is some CAT(0) space
on which H acts geometrically by the splitting theorem in [35]. Hence G is
rigid if and only if H is rigid.
7. Remarks and questions
The author thinks that the main theorems, the conditions (∗) and (∗∗)
and some arguments in this paper could be used to investigate boundaries
of CAT(0) groups and interesting open problems on
(1) (equivariant) rigidity of boundaries of CAT(0) groups;
(2) (equivariant) rigidity of boundaries of Coxeter groups;
(3) (equivariant) rigidity of boundaries of Davis complexes of Coxeter
groups;
(4) (equivariant) rigidity of boundaries of CAT(0) spaces on which Cox-
eter groups act geometrically as reflection groups;
(5) (equivariant) rigidity of boundaries of CAT(0) spaces on which right-
angled Coxeter groups act geometrically as reflection groups;
(6) (equivariant) rigidity of boundaries of CAT(0) cubical complexes on
which CAT(0) groups act geometrically;
(7) (equivariant) rigidity of boundaries of CAT(0) cuboidal complexes
on which CAT(0) groups act geometrically,
etc.
Here we can find some recent research on CAT(0) groups and their bound-
aries in [11], [13], [22], [27], [35], [36], [39], [41], [43], [44], [48] and [51].
Details of Coxeter groups and Coxeter systems are found in [6], [9] and [37],
and details of Davis complexes which are CAT(0) spaces defined by Coxeter
systems and their boundaries are found in [15], [16] and [47]. We can find
some recent research on boundaries of Coxeter groups in [10], [17], [18], [19],
[33], [40]. Here we note that every cocompact discrete reflection group of a
geodesic space becomes a Coxeter group [32], and if a Coxeter group W is a
cocompact discrete reflection group of a CAT(0) space X, then the CAT(0)
space X has a structure similar to the Davis complex [34].
The following theorem is known.
Theorem 7.1 ([35, Theorem 5.2]). If G1 and G2 are boundary rigid CAT(0)
groups, then so is G1 ×G2.
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On research of (equivariant) boundary rigidity of CAT(0) groups, the
following natural open problem is important.
Problem. If G1 and G2 are (equivariant) boundary rigid CAT(0) groups,
then is G1 ∗G2 also?
We consider this problem for (4) above in Section 8 and we provide a
conjecture on this problem for (7) above in Section 9.
8. On equivariant rigid as reflection groups
A Coxeter group W is said to be equivariant rigid as a reflection group,
if for any two CAT(0) spaces X and Y on which W acts geometrically as
a cocompact discrete reflection group of X and Y (cf. [32]), it obtain a W -
equivariant homeomorphism of the boundaries ∂X and ∂Y as a continuous
extension of the quasi-isometry φ : Wx0 → Wy0 defined by φ(wx0) = wy0,
where x0 ∈ X and y0 ∈ Y .
Then we show the following.
Theorem 8.1. The following statements hold.
(i) If Coxeter groups W1 and W2 are equivariant rigid as reflection
groups, then W1 ∗W2 is also.
(ii) For a Coxeter group W = WA ∗WA∩B WB where WA∩B is finite,
if W determines its Coxeter system up to isomorphism, and if the
parabolic subgroups WA and WB are equivariant rigid as reflection
groups then W is also.
Proof. (i) Let W1 and W2 be Coxeter groups that are equivariant rigid as
reflection groups and let W =W1 ∗W2. Suppose that the Coxeter group W
acts geometrically on two CAT(0) spaces X and Y as cocompact discrete
reflection groups.
Let (W,S) and (W,S′) be Coxeter systems obtained from the actions ofW
on X and Y as [32] respectively, and let C and D be chambers as WC = X
and WD = Y .
Then S and S′ separate as the disjoint unions S = S1∪S2 and S
′ = S′1∪S
′
2
such that WS1 =WS′
1
=W1 and WS2 =WS′
2
=W2, since W =W1 ∗W2.
Let Xi = WiC and Yi = WiD for i = 1, 2. Then each Coxeter group
Wi is cocompact discrete reflection group of Xi and Yi (cf. [34]). Since Wi
is equivariant rigid as reflection groups, it obtain Wi-equivariant homeo-
morphism φ¯i : ∂Xi → ∂Yi as a continuous extension of the quasi-isometry
φi : Wix0 →Wiy0 defined by φi(wx0) = wy0, where x0 ∈ C ⊂ X1 ∩X2 and
y0 ∈ D ⊂ Y1 ∩ Y2.
Let N = diamC and M = diamD. Then WB(x0, N) = X and
WB(y0,M) = Y .
Now we define a map φ¯ : ∂X → ∂Y naturally as follows.
Let α ∈ ∂X and let ξα be the geodesic ray in X with ξα(0) = x0 and
ξα(∞) = α.
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By [34, Theorem 3], there exists a sequence {si | i ∈ N} ⊂ S such that each
wn = s1 · · · sn is a reduced representation and dH(Im ξα, P ) ≤ N , where dH
is the Hausdorff distance and
P = [x0, s1x0] ∪ [s1x0, s1s2x0] ∪ · · · ∪ [s1 · · · sn−1x0, wnx0] ∪ · · · .
Here since wn ∈ W = W1 ∗ W2 for any n ∈ N, we can write wn =
a1b1 · · · akbk for some ai ∈W1 and bi ∈W2.
Then either
(1) there exists n0 ∈ N such that wn ∈ wn0W1 for any n ≥ n0, that is,
α ∈ wn0∂X1,
(2) there exists n0 ∈ N such that wn ∈ wn0W2 for any n ≥ n0, that is,
α ∈ wn0∂X2, or
(3) the sequences {ai} ⊂ W1 and {bi} ⊂ W2 are infinite, that is, α 6∈⋃
{w(∂X1 ∪ ∂X2) |w ∈W}.
In the case (1), the sequence {wn0sn0+1 · · · smy0 |m > n0} converges to
some point α¯ ∈ wn0∂Y1, since W1 is equivariant rigid as reflection groups.
Then we define φ¯(α) = α¯. (Here we note that φ¯(α) = wn0φ¯1(β) where β is
the point of ∂X1 to which the sequence {sn0+1 · · · smx0 |m > n0} converges
in X1 ∪ ∂X1.)
Also in the case (2), similarly, we define φ¯(α) = α¯ where α¯ ∈ wn0∂Y2 is
the point to which the sequence {wn0sn0+1 · · · smy0 |m > n0} converges.
In the case (3),
s1s2s3 · · · · · · sn · · · · · · = a1b1a2b2 · · · akbk · · · · · · ,
where ai ∈W1 and bi ∈W2. Here we note that X1∩X2 = C and Y1∩Y2 = D
are bounded and compact. By [34, Theorem 3],
P ∩B(a1b1 · · · akbkx0, N) 6= ∅
for any k ∈ N. Then the sequence {a1b1 · · · akbky0 | k ∈ N} converges to
some point α¯ ∈ ∂Y in Y ∪ ∂Y , because for each 1 < i < k,
d(a1b1 · · · aibiy0, [y0, a1b1 · · · akbky0]) ≤M
by [34, Theorem 3]. We define φ¯(α) = α¯.
The map φ¯ : ∂X → ∂Y defined above is well-defined, and by similar
arguments in sections above, we can show that φ¯ is bijective, continuous
and a W -equivariant homeomorphism.
Therefore the Coxeter group W is equivariant rigid as a reflection group.
(ii) Let W = WA ∗WA∩B WB be a Coxeter group where WA∩B is finite.
Suppose that W determines its Coxeter system up to isomorphism, the
parabolic subgroups WA and WB are equivariant rigid as reflection groups,
and the Coxeter group W acts geometrically on two CAT(0) spaces X and
Y as cocompact discrete reflection groups.
Then Coxeter systems (W,S) and (W,S′) are obtained from the actions
of W on X and Y as [32] respectively, and let C and D be chambers as
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WC = X and WD = Y . Since W determines its Coxeter system up to
isomorphism, two Coxeter systems (W,S) and (W,S′) are isomorphic.
By [34], XA := WAC and XB := WBC are convex subspaces of X,
YA := WAD and YB := WBD are convex subspaces of Y , and WA (resp.
WB) acts geometrically on the two CAT(0) spaces XA and YA (resp. XB
and YB) as cocompact discrete reflection groups.
Since WA and WB are equivariant rigid as reflection groups, it ob-
tain a WA-equivariant homeomorphism φ¯A : ∂XA → ∂YA and a WB-
equivariant homeomorphism φ¯B : ∂XB → ∂YB as continuous extensions
of the quasi-isometries φA : WAx0 → WAy0 defined by φA(wx0) = wy0
and φB : WBx0 → WBy0 defined by φB(wx0) = wy0 respectively, where
x0 ∈ C ⊂ XA ∩XB and y0 ∈ D ⊂ YA ∩ YB respectively.
Then we can define a W -equivariant homeomorphism φ¯ : ∂X → ∂Y
naturally as a similar construction to (i), sinceWA∩B is finite andXA∩XB =
WA∩BC and YA ∩ YB =WA∩BD are bounded and compact. 
As an application of Theorem 8.1, we introduce some examples.
Example 8.2. By Theorem 8.1 (i), any group of the form
W =W1 ∗ · · · ∗Wn
where each Wi is a Gromov hyperbolic Coxeter group, an affine Coxeter
group or a finite Coxeter group, is equivariant rigid as a reflection group.
Example 8.3. By Theorem 8.1 (ii), any Coxeter group of the form
W = (· · · (WA1 ∗WB1 WA2) ∗WB2 WA3) ∗WB3 · · · ) ∗WBn−1 WAn
where each WAi is a Gromov hyperbolic Coxeter group, an affine Coxeter
group or a finite Coxeter group, each WBi is finite and W determines its
Coxeter system up to isomorphism, is equivariant rigid as a reflection group.
Example 8.4. For example, by Theorem 8.1 (ii) and Example 8.3, the
Coxeter groups defined by the diagrams in Figure 2 are equivariant rigid
as reflection groups. Here these Coxeter groups determine their Coxeter
systems up to isomorphism by [30] and [49].
• • •
• • •
2 2
2 2
2 2 2
◗
◗
◗
◗
◗◗
 
 
 
❅
❅
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•
•
•
•
•
4
4
4 2
4
4 2
Figure 2.
By similar arguments to Examples 6.1 and 6.2, we can construct non
equivariant rigid Coxeter groups (as reflection groups).
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Example 8.5. Let F = Z2 ∗ Z2 ∗ Z2, let G = Z2 ∗ Z2 and let W = F ×G.
Then W is a non equivariant rigid Coxeter group (as a reflection group).
Indeed we can consider the Cayley graphs T and T ′ of F with respect to
the generating set {a1, a2, a3} of F such that
(1) in T , all edges [w,wai] (w ∈ F , i = 1, 2, 3) have the unit length,
(2) in T ′, the length of [w,wa1] (w ∈ F ) is 2 and the length of [w,wai]
(w ∈ F , i = 2, 3) is 1.
Let X = T×R and X ′ = T ′×R. Then, the natural actions ofW = F×G on
X and X ′ does not continuously extend to any map between the boundaries
∂X and ∂X ′ by the same argument as Example 6.1.
Here we note that the group W = F ×G is a rigid CAT(0) group whose
boundary is the suspension of the Cantor set.
Example 8.6. By the arguments in Examples 6.1, 6.2 and 8.5, every Cox-
eter group of the form W = F ×G where F = Z2 ∗ · · · ∗Z2 with rank n ≥ 3
and G is an infinite Coxeter group, is a non equivariant rigid (as a reflection
group).
Here we note that if W = F × G acts geometrically on a CAT(0) space
X then the boundary ∂X is homeomorphic to ∂F ∗ ∂Y where Y is some
CAT(0) space on which G acts geometrically by the splitting theorem in
[35]. Hence W is rigid if and only if G is rigid.
9. Conjecture
Now we consider the CAT(0) group
G = (F2 × Z) ∗ Z2
where F2 is the free group of rank 2.
We note that F2 × Z is a rigid CAT(0) group and non equivariant rigid.
Then the following conjecture arises.
Conjecture. The group G = (F2×Z)∗Z2 will be a non-rigid CAT(0) group
with uncountably many boundaries.
This conjecture comes from the following idea.
For p ≥ q ≥ 1, let Tp,q be the Cayley graph of the free group F2 with the
generating set {a, b} such that
• the length of [g, ga] is p and the length of [g, gb] is q for any g ∈ F .
Then F2 × Z acts naturally on Tp,q × R. By similar arguments to Ex-
amples 5.3–5.7, we can construct a cuboidal cell complex Σp,q on which
G = (F2 × Z) ∗ Z2 acts geometrically, where the 1-skeleton of Σp,q is the
Cayley graph of G and Tp,q ⊂ Σ
(1)
p,q.
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Then from the argument of Example 6.1, the author expects that if p
q
6= p
′
q′
then the boundaries ∂Σp,q and ∂Σp′,q′ will be not homeomorphic.
If this conjecture and this idea will be the case, then the right-angled
Artin group
(F2 × Z) ∗ Z,
the right-angled Coxeter group
(WA ×WB) ∗WC
where WA = Z2 ∗ Z2 ∗ Z2, WB = Z2 ∗ Z2 and WC = Z2, etc, will be also
non-rigid CAT(0) groups with uncountably many boundaries.
10. On rigidity
Let G and H be groups acting geometrically (i.e. properly and cocom-
pactly by isometries) on metric spaces (X, dX ) and (Y, dY ) respectively. We
consider orbits Gx0 ⊂ X and Hy0 ⊂ Y where x0 ∈ X and y0 ∈ Y .
Let φ : G→ H be a map and let φ′ : Gx0 → Hy0 (gx0 7→ φ(g)y0).
Here if X and Y are Gromov hyperbolic spaces, CAT(0) spaces or Buse-
mann spaces, then we can define the boundaries ∂X and ∂Y .
Then it is well-known that if φ : G → H is an isomorphism then φ′ :
Gx0 → Hy0 is a quasi-isometry and moreover if G is Gromov hyperbolic
then φ′ induces an equivariant homeomorphism φ¯ : ∂X → ∂Y .
Theorem 1.2 implies that if φ : G → H is an isomorphism and the map
φ′ : Gx0 → Hy0 satisfies the condition (∗∗) then φ
′ induces an equivariant
homeomorphism φ¯ : ∂X → ∂Y .
G
·
y X ⊃ Gx0 ←→ ∂X
↓ φ ↓ φ′ ↓ φ¯
H
·
y Y ⊃ Hy0 ←→ ∂Y
Then there are problems of rigidity.
(I) If φ : G → H is an isomorphism then when does there exist an
homeomorphism φ¯ : ∂X → ∂Y ?
(II) If φ : G → H is an isomorphism then when does φ′ induce an
equivariant homeomorphism φ¯ : ∂X → ∂Y ?
(III) If X = Y and Gx0 = Hx0 then when are groups G and H virtually
isomorphic (i.e. there exist finite-index subgroups G′ and H ′ of G
and H respectively such that G′ and H ′ are isomorphic)?
(IV) If X = Y and Gx0 = Hx0 then when do there exist finite-index
subgroups G′ and H ′ of G and H respectively such that G′ and H ′
are conjugate in the isometry group Isom(X) of X?
(V) If there is an isomorphism φ : G→ H then when does there exist a
homeomorphism (or homotopy equivalence or strongly deformation
retract) ψ : X/G→ Y/H?
28
Here it seems that (III)–(V) are relate to [4], [20], [21], [26], [38], [41],
[42], [45] and [46].
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